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𝑐2 = 𝑔(ℎ + 𝛼)
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𝛼, 𝛽

𝛼𝜅 + 𝛽𝜏 = 1
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TZİTZEİCA EĞRİLER

Enes ORUÇ1

 Mehmet BEKTAŞ2

1 Fırat Üniversitesi, Fen Bilimleri Enstitüsü, Yüksek Lisans Öğrencisi,
2 Fırat Üniversitesi, Fen Fakültesi, Öğretim Üyesi,
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 R4 ζ = (ζ1, ζ2,ζ3, ζ4)  𝜂 = (𝜂1,𝜂2,𝜂3,𝜂4) 

〈ζ, 𝜂〉 = −ζ1𝜂1 + ζ2𝜂2 + ζ3𝜂3 + ζ4𝜂4

{𝑅4, <  , > } L4 =

{𝑅4, <  , > }

𝑥⃗ ∈ 𝐿4
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〈𝑥 ⃗⃗⃗ ⃗, 𝑥⃗〉 > 0 

          〈𝑥 ⃗⃗⃗ ⃗,  𝑥⃗⃗⃗〉 < 0 

 𝑥⃗⃗⃗  〈𝑥 ⃗⃗⃗ ⃗, 𝑥⃗〉 = 0 

4 𝐿4 𝑥⃗, 𝑦 ⃗⃗⃗ ⃗ 〈𝑥 ⃗⃗⃗ ⃗,  𝑦⃗⃗⃗ ⃗〉 =

0 

𝑥⃗ 

‖𝑥⃗‖ = {
   〈𝑥⃗ ,  𝑥⃗⃗⃗〉, x⃗⃗ spacelike vektör ise

−〈𝑥⃗ ,  𝑥⃗⃗⃗〉, x⃗⃗ timelike vektör ise

 

 𝛼

〈𝛼′, 𝛼′〉 < 0 

〈𝛼′, 𝛼′〉 > 0 

〈𝛼′, 𝛼′〉 = 0 

𝛂 = 𝛂(𝒔)  𝐋𝟒 𝐝𝐞

 𝛂′(𝐬) 𝛂′′(𝐬) 𝛂′′′(𝐬) , 𝛂ı𝐯(𝐬), 𝛂𝐯(𝐬)

 𝐬 ∈ 𝐈

{𝝃𝟏(𝒔), 𝝃𝟐(𝒔), 𝝃𝟑(𝒔), 𝝃𝟒(𝒔)}

𝐊𝟏(𝐬), 𝐊𝟐(𝐬), 𝐊𝟑(𝐬)

ξ1
′ (s) = ε2(s)K1(s)ξ2(s),

ξ2
′ (s) = −ε1(s)K1(s)ξ1(s) + ε3(s)K2(s)ξ3(s),

ξ3
′ (s) = −ε2(s)K2(s) ξ2(s) + ε1(s)ε2(s)ε3(s)K3(s)ξ4(s),

ξ4
′ (s) = ε3(s)K3(s)ξ3(s),
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ξ1(s) ξ2(s) ξ3(s) ξ4(s)

〈ξi(s), ξi(s)〉 = εi(s), 1 ≤ 𝑖 ≤ 4 εi(s) = ∓1 ε1(s)ε2(s)ε3(s)ε4(s) = −1

∑ βi(𝐬)ξi(𝐬)4
i=1

1 ≤ 𝑖 ≤ 4

βi(s) = ∑
1

εi(s)
<  α(s) , ξi(s) >4

i=1 ,

{𝜉1(𝑠), 𝝃2(𝑠), 𝜉3(𝑠), 𝜉4(𝑠)}

K1(s), K2(s), K3(s)

K2(s)

d{ξ1(s),ξ2(s),ξ4(s) }
2 = a1

d{ξ1(s),ξ2(s),ξ4(s) }

{𝜉1(𝑠), 𝝃2(𝑠), 𝜉4(𝑠)}

𝑑{𝜉1(𝑠),𝜉2(𝑠),𝜉4(𝑠) }
2 = < 𝛼(𝑠) , 𝜉3(𝑠) >

𝑎1 ≠ 0
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{𝜉1(𝑠), 𝝃2(𝑠), 𝜉3(𝑠), 𝜉4(𝑠)} K1(s), K2(s), K3(s)

K1(s)

d{ξ1(s),ξ3(s),ξ4(s) }
2 = a2 

 d{ξ1(s),ξ3(s),ξ4(s) }

{𝜉1(𝑠), 𝜉3(𝑠), 𝜉4(𝑠)}

d{ξ1(s),ξ3(s),ξ4(s) } = < α(s) , ξ2(s) >

𝑎2 ≠ 0

{𝜉1(𝑠), 𝝃2(𝑠), 𝜉3(𝑠), 𝜉4(𝑠)} K1(s), K2(s), K3(s)

K3(s)

d{ξ1(s),ξ2(s),ξ3(s) }
2 = a3

d{ξ1(s),ξ2(s),ξ3(s) }

{ξ1(s), ξ2(s), ξ3(s) }

d{ξ1(s),ξ2(s),ξ3(s) } = < α(s) , ξ4(s) >

𝑎3 ≠ 0

{𝜉1(𝑠), 𝝃2(𝑠), 𝜉3(𝑠), 𝜉4(𝑠)}
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K1(s), K2(s), K3(s)

ε3(s)K2
′ (s)β3(s) + 2K2

2(s)β2(s) −

2ε1(s)ε2(s)ε3(s)K2(s)K3(s)β4(s) = 0

K2(s)

(<α(s),ξ3(s)>)2 = a1

K2
′ (s)    (< α(s) , ξ3(s) >)2 − 2K2(s) < α(s) , ξ3(s) ><

α(s) , ξ3
′ (s) >= 0

K2
′ (s)    (< α(s), ξ3(s) >)2 + 2ε2(s)K2

2(s) < α(s), ξ3(s) >< α(s), ξ2(s) >

−2ε1(s)ε2(s)ε3(s)K2(s)K3(s) < α(s), ξ3(s) >< α(s), ξ4(s) >= 0

  ε3
2(s)K2

′ (s)β3
2(s)    + 2 ε2

2(s)ε3(s)K2
2(s)β2(s)β3(s)

− 2 ε1(s)ε2(s)ε3
2(s)K2 (s)K3 (s)β3(s)β4(s) = 0

ε3(s)K2
′ (s)β3(s) + 2K2

2(s)β2(s) −

2 ε1(s)ε2(s)ε3(s)K2(s)K3(s)β4(s) = 0
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{𝜉1(𝑠), 𝝃2(𝑠), 𝜉3(𝑠), 𝜉4(𝑠)}

K1(s), K2(s), K3(s)

ε2(s)K1
′ (s)β2(s) + 2K1

2(s)β1(s) − 2K1(s)K2(s)β3(s) = 0

K1(s)

(<α(s) ,ξ2(s)>)2 
= a2 

K1
′ (s) (< α(s), ξ2(s) >)2 − 2K1(s) < α(s), ξ2(s) >< α(s), ξ2

′ (s) >= 0

K1
′ (s) (< α(s), ξ2(s) >)2 + 2ε1(s)K1

2(s) < α(s), ξ2(s) >< α(s), ξ1(s) >

−2ε3(s)K1(s)K2(s) < α(s), ξ2(s) >< α(s), ξ3(s) >= 0

  ε2
2(s)K1

′ (s)β2
2(s) + 2 ε1

2(s)ε2(s)K1
2(s)β1(s)β2(s)

−2 ε2(s)ε3
2(s)K2(s)K3(s)β2(s)β3(s) = 0

ε2(s)K1
′ (s)β2(s) + 2K1

2(s)β1(s) − 2K1(s)K2(s)β3(s) = 0
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{𝜉1(𝑠), 𝝃2(𝑠), 𝜉3(𝑠), 𝜉4(𝑠)}

K1(s), K2(s), K3(s)

ε4(s)K3
′ (s)β4(s) + 2K3

2(s)β3(s) = 0

K3(s)

(<α(s) ,ξ4(s)>)2 
= a3 

K3
′ (s)    (< α(s), ξ4(s) >)2 − 2K3(s) < α(s), ξ4(s) ><

α(s), ξ4
′ (s) >= 0                                                                                                  

K3
′ (s)    (< α(s), ξ4(s) >)2 + 2ε3(s)K3

2(s) < α(s), ξ3(s) ><

α(s), ξ4(s) = 0

  ε4
2(s)K3

′ (s)β4
2(s) + 2 ε3

2(s)ε4(s)K3
2(s)β3(s)β4(s) = 0

ε4(s)K3
′ (s)β4(s) + 2K3

2(s)β3(s) = 0



4- BOYUTLU LORENTZ UZAYINDA TZİTZEİCA EĞRİLER 
 

31 



4- BOYUTLU LORENTZ UZAYINDA TZİTZEİCA EĞRİLER 
 

32 



BÖLÜM 3

DUAL DEĞIŞKENLI KÜRESEL BÉZIER 
EĞRILERINDE BLASHKE ÇATI*

Muhsin İNCESU1

Fadime TEKGÜL2 

* Bu çalışma Fadime TEKGÜL’ün Yüksek Lisans Tezinden üretilmiştir. Muş 
Alparslan Üniv. Fen Bil. Ens. Mat. ABD, Danışman: Doç. Dr. Muhsin İNCESU, 2024.
1 Doç. Dr.; Muş Alparslan Üniversitesi Fen Edebiyat Fakültesi Matematik Bölümü. 
m.incesu@alparslan.edu.tr  ORCID No: 0000-0003-2515-9627
2 Öğretmen; Malatya  il Milli Eğitim Müdürlüğü . fadime6_6@hotmail.com  
ORCID No: 0000-0001-8781-8072
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𝑡∗ = 0

 

𝑃0, 𝑃1, 𝑃2, … , 𝑃𝑛

𝐵(𝑡) = ∑𝐵𝑖
𝑛𝑡𝑃𝑖

𝑛

𝑖=0

𝐵𝑖
𝑛(𝑡)

𝐵𝑖
𝑛(𝑡) = {

(𝑛
𝑖
)(1 − 𝑡)𝑛−𝑖𝑡𝑖 ,           0 ≤ 𝑖 ≤ 𝑛

0,                                         𝑑𝑖ğ𝑒𝑟
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𝑃̂𝑖 = 𝑃𝑖 + 𝜀𝑃𝑖
∗

𝐵̂(𝑡 + 𝜀𝑡∗) = 𝐵(𝑡) + 𝜀(𝐵∗(𝑡) + 𝑡∗𝐵′(𝑡))

𝐵(𝑡) 𝑃0, 𝑃1, 𝑃2, … , 𝑃𝑛

𝐵∗(𝑡) 𝑃0
∗, 𝑃1

∗, 𝑃2
∗, … , 𝑃𝑛

∗

𝐵̅(𝑡 + 𝜀𝑡∗) =
𝐵̂

‖𝐵̂‖

𝐵̅(𝑡̂) =
𝐵(𝑡)

‖𝐵(𝑡)‖
+ 𝜀 [

𝐵∗(𝑡)

‖𝐵(𝑡)‖
−

〈𝐵(𝑡),𝐵′(𝑡)〉

‖𝐵(𝑡)‖3 𝐵(𝑡) + 𝑡∗ [
𝐵′(𝑡)

‖𝐵(𝑡)‖
−

〈𝐵(𝑡),𝐵′(𝑡)〉

‖𝐵(𝑡)‖3 𝐵(𝑡)]]

𝐴1 = 𝐵̅

𝐴2 =
𝐴1

′

‖𝐴1
′‖

𝐴3 = 𝐴1 × 𝐴2

𝐵̂(𝑡 + 𝜀𝑡∗) 𝐵̂ 𝐵(𝑡) 𝐵

𝐵∗(𝑡) 𝐵∗ 𝐵̅(𝑡 + 𝜀𝑡∗) 𝐵̅

𝐵̂ = 𝐵 + 𝜀(𝐵∗ + 𝑡∗𝐵′)

𝐵̂′ = 𝐵′ + 𝜀(𝐵∗′ + 𝑡∗𝐵′′)

𝐵̂′′ = 𝐵′′ + 𝜀(𝐵∗′′ + 𝑡∗𝐵′′′)

𝐵̂′′′ = 𝐵′′′ + 𝜀(𝐵∗′′′ + 𝑡∗𝐵′𝜗)

 

‖𝐵̂‖
′

‖𝐵̂‖
′
= (√〈𝐵̂, 𝐵̂〉)

′
=

〈𝐵̂,𝐵̂〉′

2√〈𝐵̂,𝐵̂〉
=

2〈𝐵̂,𝐵̂′〉

2‖𝐵̂‖
=

〈𝐵̂,𝐵̂′〉

‖𝐵̂‖

𝐵̅′

𝐵̅′ = [
𝐵̂

‖𝐵̂‖
]
′

=
𝐵̂′.‖𝐵̂‖−𝐵.̂ ‖𝐵̂‖′

‖𝐵̂‖2

𝐵̂′

‖𝐵̂‖

〈𝐵̂,𝐵̂′〉

‖𝐵̂‖3 𝐵̂

𝐵̂′‖𝐵̂‖2−〈𝐵̂,𝐵̂′〉𝐵̂

‖𝐵̂‖3
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𝐵̅′ =

[𝐵′+𝜀(𝐵∗′
+𝑡∗𝐵′′)].[‖𝐵‖+𝜀

〈𝐵,𝐵∗+𝑡∗𝐵′〉

‖𝐵‖
]−〈[𝐵+𝜀(𝐵∗+𝑡∗𝐵′)],[𝐵′+𝜀(𝐵∗′

+𝑡∗𝐵′′)]〉𝐵̂

[‖𝐵‖+𝜀
〈𝐵,𝐵∗+𝑡∗𝐵′〉

‖𝐵‖
]
3

[𝐵′+𝜀(𝐵∗′
+𝑡∗𝐵′′)].[‖𝐵‖2+2𝜀〈𝐵,𝐵∗+𝑡∗𝐵′〉]−[〈𝐵,𝐵′〉+𝜀(〈𝐵,𝐵∗′

+𝑡∗𝐵′′〉+〈𝐵∗+𝑡∗𝐵′,𝐵′〉)].[𝐵+𝜀( 𝐵∗+𝑡∗𝐵′)]

‖𝐵‖3+3‖𝐵‖𝜀〈𝐵,𝐵∗+𝑡∗𝐵′〉

 

 [𝐵′‖𝐵‖2−𝐵〈𝐵,𝐵′〉]+𝜀[
2〈𝐵,𝐵∗〉𝐵′+‖𝐵‖2𝐵∗′

−〈𝐵,𝐵′〉𝐵′−(〈𝐵,𝐵∗′
〉+〈𝐵∗,𝐵′〉)𝐵

+𝑡∗[2〈𝐵′,𝐵〉𝐵′+‖𝐵‖2𝐵′′−〈𝐵,𝐵′〉𝐵′−(〈𝐵,𝐵′′〉+‖𝐵′‖
2
)𝐵]

]

‖𝐵‖[‖𝐵‖2+3𝜀〈𝐵,𝐵∗+𝑡∗𝐵′〉]

[
𝐵′

‖𝐵‖
−

〈𝐵,𝐵′〉𝐵

‖𝐵‖3 ] +

+𝜀 [
−

〈𝐵,𝐵∗〉𝐵′

‖𝐵‖3 +
𝐵∗′

‖𝐵‖
−

〈𝐵,𝐵′〉𝐵∗

‖𝐵‖3 + (
3〈𝐵,𝐵∗〉〈𝐵,𝐵′〉

‖𝐵‖5 −
〈𝐵,𝐵∗′〉+〈𝐵∗,𝐵′〉

‖𝐵‖3
)𝐵

+𝑡∗ [
−2〈𝐵,𝐵′〉𝐵′

‖𝐵‖3 +
𝐵′′

‖𝐵‖
+ (

3〈𝐵,𝐵′〉2

‖𝐵‖5 −
〈𝐵,𝐵′′〉+‖𝐵′‖

2

‖𝐵‖3 )𝐵]

]

𝐴2 = [
𝐵′‖𝐵‖2−〈𝐵,𝐵′〉𝐵

‖𝐵×(𝐵′×𝐵)‖
] +

+
𝜀

‖𝐵×(𝐵′×𝐵)‖

[
 
 
 
 
 
 
 
 
 
 
 
 −〈𝐵, 𝐵∗〉𝐵′ + ‖𝐵‖2𝐵∗′ − 〈𝐵, 𝐵′〉𝐵∗ + (

3〈𝐵,𝐵∗〉〈𝐵,𝐵′〉

‖𝐵‖2 − 〈𝐵, 𝐵∗〉′

−〈𝐵∗, 𝐵′〉
)𝐵

+𝑡∗ (−2〈𝐵, 𝐵′〉𝐵′ + ‖𝐵‖2𝐵′′ + (
3〈𝐵,𝐵′〉2

‖𝐵‖2 − 〈𝐵, 𝐵′′〉 − ‖𝐵′‖2))𝐵

+
1

‖𝐵×(𝐵′×𝐵)‖3

[
 
 
 
 
 
 

‖𝐵‖5‖𝐵′‖2〈𝐵, 𝐵′〉 − ‖𝐵‖7〈𝐵′, 𝐵∗′〉 +

‖𝐵‖5〈𝐵, 𝐵′〉〈𝐵∗, 𝐵′〉

−2‖𝐵‖3〈𝐵, 𝐵′〉2〈𝐵, 𝐵′〉 + ‖𝐵‖5〈𝐵, 𝐵′〉〈𝐵, 𝐵∗′〉

+𝑡∗ [2〈𝐵, 𝐵′〉‖𝐵′‖2‖𝐵‖5 − ‖𝐵‖
7
〈𝐵′, 𝐵′′〉 − 2〈𝐵, 𝐵′〉3‖𝐵‖3

+‖𝐵‖5〈𝐵, 𝐵′〉〈𝐵, 𝐵∗〉] [
‖𝐵‖2𝐵′−〈𝐵,𝐵′〉𝐵

‖𝐵‖3 ] ]
 
 
 
 
 
 

]
 
 
 
 
 
 
 
 
 
 
 
 

𝐴2 = [
𝐵′‖𝐵‖2−〈𝐵,𝐵′〉𝐵

‖𝐵×(𝐵′×𝐵)‖
] +

+ 
𝜀

‖𝐵×(𝐵′×𝐵)‖

[
 
 
 
 
 
 
 
 
 −〈𝐵, 𝐵∗〉𝐵′ + ‖𝐵‖2𝐵∗′ − 〈𝐵, 𝐵′〉𝐵∗ + (

3〈𝐵,𝐵∗〉〈𝐵,𝐵′〉

‖𝐵‖2
− 〈𝐵, 𝐵∗〉′ − 〈𝐵∗, 𝐵′〉)𝐵

‖𝐵‖2

‖𝐵×(𝐵′×𝐵)‖2
[
‖𝐵′‖2〈𝐵, 𝐵∗〉 − ‖𝐵‖2〈𝐵′, 𝐵∗′〉 + 〈𝐵, 𝐵′〉〈𝐵∗, 𝐵′〉

−
2〈𝐵,𝐵′〉2〈𝐵,𝐵∗〉

‖𝐵‖2
+ 〈𝐵, 𝐵′〉〈𝐵, 𝐵∗′〉

] ‖𝐵‖2𝐵′ − 〈𝐵, 𝐵′〉𝐵

+𝑡∗

[
 
 
 
 −2〈𝐵, 𝐵′〉𝐵′ + ‖𝐵‖2𝐵′′ + (

3〈𝐵,𝐵′〉2

‖𝐵‖2
− 〈𝐵, 𝐵′′〉 − ‖𝐵′‖2)𝐵

+
‖𝐵‖2

‖𝐵×(𝐵′×𝐵)‖2
[
2〈𝐵, 𝐵′〉‖𝐵′‖2 − ‖𝐵‖2〈𝐵′, 𝐵′′〉

−
2〈𝐵,𝐵′〉3

‖𝐵‖2
+ 〈𝐵, 𝐵′〉〈𝐵, 𝐵′′〉

] ‖𝐵‖2𝐵′ − 〈𝐵, 𝐵′〉𝐵
]
 
 
 
 

]
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𝐴3 = 𝐴1 × 𝐴2

‖𝐵‖

‖𝐵×(𝐵′×𝐵)‖
(𝐵 × 𝐵′) +

+
𝜀

‖𝐵 × (𝐵′ × 𝐵)‖

[
 
 
 
 
 
 
 
 
 
 
 
 
 

[
 
 
 
 
−2〈𝐵, 𝐵∗〉

‖𝐵‖
+

‖𝐵‖3

‖𝐵 × (𝐵′ × 𝐵)‖2

(

 
 

‖𝐵′‖〈𝐵, 𝐵∗〉 − ‖𝐵‖2〈𝐵′, 𝐵∗′〉 +
〈𝐵, 𝐵′〉〈𝐵∗, 𝐵′〉

+〈𝐵, 𝐵′〉〈𝐵, 𝐵∗′〉 −
2〈𝐵, 𝐵′〉2〈𝐵, 𝐵∗〉

‖𝐵‖2
)

 
 

]
 
 
 
 

𝐵 × 𝐵′

‖𝐵‖(𝐵 × 𝐵∗′) + ‖𝐵‖(𝐵∗ × 𝐵′)

+𝑡∗

[
 
 
 
 
 
 

‖𝐵‖(𝐵 × 𝐵′′) +

[
 
 
 
 
 

−2〈𝐵, 𝐵′〉

‖𝐵‖
+

‖𝐵‖3

‖𝐵 × (𝐵′ × 𝐵)‖2

(

2〈𝐵, 𝐵′〉‖𝐵′‖2 − ‖𝐵‖2〈𝐵′, 𝐵′′〉

−
2〈𝐵, 𝐵′〉3

‖𝐵‖2
+ 〈𝐵, 𝐵′〉〈𝐵, 𝐵′′〉

)

]
 
 
 
 
 

]
 
 
 
 
 
 

𝐵 × 𝐵′

]
 
 
 
 
 
 
 
 
 
 
 
 
 

 

𝐴1
′ = 𝐵

′
=

𝐵̂′

‖𝐵̂‖
−

〈𝐵̂,𝐵̂′〉

‖𝐵̂‖3 𝐵̂

[
𝐵′

‖𝐵‖
−

〈𝐵,𝐵′〉

‖𝐵‖3
] 𝜀

[
 
 
 
 
 

−〈𝐵,𝐵∗〉

‖𝐵‖3 𝐵′ +
𝐵∗′

‖𝐵‖
−

〈𝐵,𝐵′〉

‖𝐵‖3 𝐵∗

+(
3〈𝐵,𝐵∗〉〈𝐵,𝐵′〉

‖𝐵‖5 −
〈𝐵,𝐵∗′〉+〈𝐵∗,𝐵′〉

‖𝐵‖3
)𝐵

+𝑡∗ [
−2〈𝐵,𝐵′〉𝐵′

‖𝐵‖3 +
𝐵′′

‖𝐵‖
+ (

3〈𝐵,𝐵′〉2

‖𝐵‖5 −
〈𝐵,𝐵′′〉+‖𝐵‖2

‖𝐵‖3
)𝐵]]

 
 
 
 
 

 𝑝𝐴1
𝐴1 + 𝑞𝐴1

𝐴2 + 𝑟𝐴1
𝐴3

𝑝𝐴1=〈𝐴1
′ ,𝐴1〉

𝑞𝐴1=〈𝐴1
′ ,𝐴2〉

𝑟𝐴1=〈𝐴1
′ ,𝐴3〉

𝑝𝐴1
= 〈

𝐵̂′

‖𝐵̂‖
−

〈𝐵̂,𝐵̂′〉

‖𝐵̂‖3 𝐵̂,
𝐵̂′

‖𝐵̂‖
〉

        =
〈𝐵̂,𝐵̂′〉

‖𝐵̂‖2 − 
〈𝐵̂,𝐵̂′〉‖𝐵̂‖2

‖𝐵̂‖4

=
〈𝐵̂,𝐵̂′〉

‖𝐵̂‖2 −
〈𝐵̂,𝐵̂′〉

‖𝐵̂‖2

= 0
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𝑞𝐴1
   = 〈𝐴1

′ , 𝐴2〉

 〈
𝐵̂′

‖𝐵̂‖
−

〈𝐵̂,𝐵̂′〉

‖𝐵̂‖3 𝐵, (
𝐵̂′

‖𝐵̂‖
−

〈𝐵̂,𝐵̂′〉𝐵̂

‖𝐵̂‖3 )
1

‖
𝐵̂′

‖𝐴̂‖
−

〈𝐵̂,𝐵̂′〉𝐵̂

‖𝐵̂‖
3 ‖

〉

 

‖𝐵̂𝑥𝐵̂′‖
2

‖𝐵̂‖
4

‖
𝐵̂′

‖𝐵̂′‖
−

〈𝐵̂,𝐵̂′〉

‖𝐵̂‖
3 𝐵̂‖

‖𝐵̂𝑥𝐵̂′‖
2

‖𝐵̂‖
4

‖𝐵̂𝑥𝐵̂′‖

‖𝐵̂‖
2

𝑞𝐴1
     

‖𝐵̂𝑥𝐵̂′‖

‖𝐵̂‖2

 
‖(𝐵𝑥𝐵′)+𝜀((𝐵𝑥𝐵∗′

)+(𝐵∗𝑥𝐵′)+𝑡∗(𝐵𝑥𝐵′′))‖

‖𝐵‖+〈𝑙𝐵,𝐵∗+𝑡∗𝐵′〉

 ‖𝐵𝑥𝐵′‖ + 𝜀 [
〈𝐵𝑥𝐵′,𝐵𝑥𝐵∗′

+𝐵∗×𝐵′+𝑡∗(𝐵×𝐵′′)〉

‖𝐵×𝐵′‖
]

 ‖𝐵𝑥𝐵′‖ + 𝜀 (
〈𝐵𝑥𝐵′,𝐵𝑥𝐵∗′

+𝐵∗𝑥𝐵′+𝑡∗(𝐵𝑥𝐵′′)〉

‖𝐵𝑥𝐵′‖
)

𝑞𝐴1
=

‖𝐵𝑥𝐵′‖+
𝜀

‖𝐵𝑥𝐵′‖
[
‖𝐵′‖

2
〈𝐵,𝐵∗〉+‖𝐵′‖

2
〈𝐵′,𝐵∗′〉−〈𝐵,𝐵′〉(〈𝐵,𝐵∗′〉+〈𝐵′,𝐵∗〉)

+𝑡∗[‖𝐵‖2〈𝐵′,𝐵′′〉−〈𝐵,𝐵′〉〈𝐵,𝐵′′〉]
]

‖𝐵‖+𝜀〈𝐵,𝐵∗+𝑡∗𝐵′〉

𝑞𝐴1
=

‖𝐵𝑥𝐵′‖

‖𝐵‖
+

𝜀

[
 
 
 
 
 
‖𝐵′‖

2

‖𝐵‖
〈𝐵, 𝐵∗〉 + ‖𝐵‖〈𝐵′, 𝐵∗′〉 −

〈𝐵,𝐵′〉

‖𝐵‖
(〈𝐵, 𝐵∗′〉 + 〈𝐵′, 𝐵∗〉)

+𝑡∗ [
‖𝐵‖〈𝐵′, 𝐵′′〉 −

〈𝐵,𝐵′〉〈𝐵,𝐵′′〉

‖𝐵‖

−
‖𝐵𝑥𝐵′‖

‖𝐵‖2
〈𝐵, 𝐵′〉

] −
‖𝐵𝑥𝐵′‖

‖𝐵‖2
〈𝐵, 𝐵∗〉

]
 
 
 
 
 

𝑟𝐴1
      = 〈𝐴1

′ , 𝐴3〉 = 〈𝐴1
′ , 𝐴1𝑥𝐴2〉 

 〈
𝐵̂′

‖𝐵̂‖
−

〈𝐵̂,𝐵̂′〉𝐵̂

‖𝐵̂‖3 ,
𝐵̂

‖𝐵̂‖
𝑥

(
𝐵̂′

‖𝐵̂‖
−

〈𝐵̂,𝐵̂′〉𝐵̂

‖𝐵̂‖
3 )

‖
𝐵̂

‖𝐵̂‖
−

〈𝐵̂,𝐵̂′〉𝐵̂

‖𝐵̂‖
3 ‖

〉

 [
𝐵̂𝑥𝐵̂′

‖𝐵̂‖2
]
—1

〈
𝐵̂′

‖𝐵̂‖
−

〈𝐵̂,𝐵̂′〉𝐵̂

‖𝐵̂‖3 ,
𝐵̂′

‖𝐵̂‖
𝑥 (

𝐵̂′

‖𝐵̂‖
−

〈𝐵̂,𝐵̂′〉𝐵̂

‖𝐵̂‖3
) 〉

‖𝐵̂‖2

 𝐵̂𝑥𝐵̂′

1

‖𝐵̂‖3
〈𝐵̂′ −

〈𝐵̂,𝐵̂′〉𝐵̂

‖𝐵̂‖2 , 𝐵̂𝑥 (𝐵̂′ −
〈𝐵̂,𝐵̂′〉𝐵̂

‖𝐵̂‖2 ) 〉

 
1

‖𝐵̂‖‖𝐵̂𝑥𝐵̂′‖
[〈𝐵̂′ −

〈𝐵̂,𝐵̂′〉𝐵̂

‖𝐵̂‖2 , 𝐵̂𝑥𝐵̂′ −
〈𝐵̂,𝐵̂′〉

‖𝐵̂‖2 𝐵̂𝑥𝐵̂〉]
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𝐴2
′ = [

𝐵̂′

‖𝐵̂‖
−

〈𝐵̂,𝐵̂′〉

‖𝐵̂‖
3

‖𝐵̂𝑥𝐵̂′‖

‖𝐵̂‖
2

]

′

[
𝐵̂′‖𝐵̂‖

‖𝐵̂𝑥𝐵̂′‖
−

〈𝐵̂,𝐵̂′〉𝐵̂

‖𝐵̂‖‖𝐵̂𝑥𝐵̂′‖
]
′

‖𝐵̂‖
′
=

〈𝐵̂,𝐵̂′〉

‖𝐵̂‖

‖𝐵̂𝑥𝐵̂′‖
′
=

〈𝐵̂𝑥𝐵̂′,(𝐵̂𝑥𝐵̂′)
′
〉

‖𝐵̂𝑥𝐵̂′‖
=

〈𝐵̂𝑥𝐵̂′,𝐵̂′𝑥𝐵̂′+𝐵̂𝑥𝐵̂′′〉

‖𝐵̂𝑥𝐵̂′‖
〈𝐵̂𝑥𝐵̂′,𝐵̂𝑥𝐵̂′′〉

‖𝐵̂𝑥𝐵̂′‖
=

〈𝐵̂,𝐵̂〉〈𝐵̂′,𝐵̂′′〉−〈𝐵̂,𝐵̂′′〉〈𝐵̂,𝐵̂′〉

‖𝐵̂𝑥𝐵̂′‖
   

𝐴2
′ =

(𝐵̂′′.‖𝐵̂‖+𝐵̂′.
〈𝐵̂,𝐵̂′〉

‖𝐵̂‖
)‖𝐵̂𝑥𝐵̂′‖−𝐵̂′‖𝐵̂‖.[

‖𝐵̂‖
2
〈𝐵̂′,𝐵̂′′〉−〈𝐵̂,𝐵̂′〉〈𝐵̂,𝐵̂′′〉

‖𝐵̂𝑥𝐵̂′‖
]

‖𝐵̂𝑥𝐵̂′‖2

−
[(‖𝐵̂′‖

2
+〈𝐵̂,𝐵̂′′〉)𝐵̂+〈𝐵̂,𝐵̂′〉𝐵̂′]‖𝐵̂‖.‖𝐵̂𝑥𝐵̂′‖

‖𝐵̂‖2.‖𝐵̂𝑥𝐵̂′‖2 +
〈𝐵̂,𝐵̂′〉𝐵̂

‖𝐵̂‖2.‖𝐵̂𝑥𝐵̂′‖2 . 𝑘

𝑘 = [
〈𝐵̂,𝐵̂′〉

‖𝐵̂‖
‖𝐵̂𝑥𝐵̂′‖ + ‖𝐵̂‖.

‖𝐵̂‖2〈𝐵̂′,𝐵̂′′〉−〈𝐵̂,𝐵̂′′〉〈𝐵̂,𝐵̂′〉

‖𝐵̂𝑥𝐵̂′‖
]

𝐴2
′ =

𝐵̂′′‖𝐵̂‖+
𝐵̂′〈𝐵̂,𝐵̂′〉

‖𝐵̂‖

‖𝐵̂𝑥𝐵̂′‖
−

𝐵̂′‖𝐵̂‖〈𝐵̂′,𝐵̂′′〉

‖𝐵̂𝑥𝐵̂′‖3 +
𝐵̂′‖𝐵̂‖〈𝐵̂,𝐵̂′〉〈𝐵̂,𝐵̂′′〉

‖𝐵̂𝑥𝐵̂′‖3

  −
(‖𝐵̂‖2+〈𝐵̂,𝐵̂′′〉)𝐵̂+〈𝐵̂,𝐵̂′〉𝐵̂′

‖𝐵̂‖‖𝐵̂𝑥𝐵̂′‖
+

〈𝐵̂,𝐵̂′〉2𝐵̂

‖𝐵̂‖3‖𝐵̂𝑥𝐵̂′‖
+

(
‖𝐵̂𝑥𝐵̂′‖[‖𝐵̂‖〈𝐵̂,𝐵̂′′〉]

‖𝐵̂𝑥𝐵̂′‖3 −
〈𝐵̂,𝐵̂′′〉〈𝐵̂,𝐵̂′〉2

‖𝐵̂‖‖𝐵̂𝑥𝐵̂′‖3
) 𝐵̂

‖𝐵̂‖𝐵̂′′

‖𝐵̂𝑥𝐵̂′‖
+ [

〈𝐵̂,𝐵̂′〉

‖𝐵̂‖‖𝐵̂𝑥𝐵̂′‖
−

‖𝐵̂‖3〈𝐵̂′,𝐵̂′′〉

‖𝐵̂𝑥𝐵̂′‖3 +
‖𝐵̂‖〈𝐵̂,𝐵̂′〉〈𝐵̂,𝐵̂′′〉

‖𝐵̂𝑥𝐵̂′‖3 −
〈𝐵̂,𝐵̂′〉

‖𝐵̂‖‖𝐵̂𝑥𝐵̂′‖
] . 𝐵̂′

[
〈𝐵̂,𝐵̂′〉〈𝐵̂,𝐵̂′′〉‖𝐵̂‖

‖𝐵̂𝑥𝐵̂′‖3 −
〈𝐵̂,𝐵̂′′〉〈𝐵̂,𝐵̂′〉2

‖𝐵̂‖‖𝐵̂𝑥𝐵̂′‖3 −
(‖𝐵̂‖2+〈𝐵̂,𝐵̂′′〉)

‖𝐵̂‖‖𝐵̂𝑥𝐵̂′‖
+

〈𝐵̂,𝐵̂′〉2

‖𝐵̂‖3‖𝐵̂𝑥𝐵̂′‖
] 𝐵̂

𝐴2
′ = 𝑝𝐴2

𝐴1 + 𝑞𝐴2
𝐴2 + 𝑟𝐴2

𝐴3 

𝑝𝐴2
= 〈𝐴2

′ , 𝐴1〉

𝑞𝐴2
= 〈𝐴2

′ , 𝐴2〉

𝑟𝐴2
= 〈𝐴2

′ , 𝐴3〉

}

0 
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𝑝𝐴2
〈𝐴2

′ , 𝐴1〉 = 〈𝐴2
′ ,

𝐵̂

‖𝐵̂‖
〉

〈𝐵̂,𝐵̂′′〉

‖𝐵̂𝑥𝐵̂′‖
+

〈𝐵̂,𝐵̂′〉2

‖𝐵̂‖2‖𝐵̂𝑥𝐵̂′‖
−

‖𝐵̂‖2〈𝐵̂,𝐵̂′′〉〈𝐵̂,𝐵̂′〉

‖𝐵̂𝑥𝐵̂′‖3 +
〈𝐵̂,𝐵̂′〉2〈𝐵̂,𝐵̂′′〉

‖𝐵̂𝑥𝐵̂′‖3 +

   −
〈𝐵̂,𝐵̂′〉2

‖𝐵̂‖2‖𝐵̂𝑥𝐵̂′‖
+ +

‖𝐵̂‖2〈𝐵̂,𝐵̂′〉〈𝐵̂,𝐵̂′′〉

‖𝐵̂𝑥𝐵̂′‖3 −
〈𝐵̂,𝐵̂′′〉〈𝐵̂,𝐵̂′〉2

‖𝐵̂𝑥𝐵̂′‖3 −
(‖𝐵̂‖2+〈𝐵̂,𝐵̂′′〉)

‖𝐵̂𝑥𝐵̂′‖
+

+
〈𝐵̂,𝐵̂′〉2

‖𝐵̂‖2‖𝐵̂𝑥𝐵̂′‖
 

 
〈𝐵̂,𝐵̂′′〉

‖𝐵̂𝑥𝐵̂′‖
−

‖𝐵̂‖2〈𝐵̂,𝐵̂′〉

‖𝐵̂𝑥𝐵̂′‖3 (〈𝐵̂′, 𝐵̂′′〉 − 〈𝐵̂, 𝐵̂′′〉) −
‖𝐵̂‖2+〈𝐵̂,𝐵̂′′〉

‖𝐵̂𝑥𝐵̂′‖
+

〈𝐵̂,𝐵̂′〉2

‖𝐵̂‖2‖𝐵̂𝑥𝐵̂′‖

 
−‖𝐵̂𝑥𝐵̂′‖

4
−‖𝐵̂‖4〈𝐵̂,𝐵̂′〉〈𝐵̂′−𝐵̂,𝐵̂′′〉

‖𝐵̂‖2‖𝐵̂𝑥𝐵̂′‖3 =
−‖𝐵̂𝑥𝐵̂′‖

‖𝐵̂‖2 −
‖𝐵̂‖2〈𝐵̂,𝐵̂′〉〈𝐵̂′,𝐵̂′′〉

‖𝐵̂𝑥𝐵̂′‖3 +

‖𝐵̂‖2〈𝐵̂,𝐵̂′〉〈𝐵̂′,𝐵̂′′〉

‖𝐵̂𝑥𝐵̂′‖3

𝑝𝐴2
=

−‖𝐵̂𝑥𝐵̂′‖

‖𝐵̂‖2 +
〈𝐵̂,𝐵̂′〉‖𝐵̂‖2

‖𝐵̂𝑥𝐵̂′‖3 (〈𝐵̂ − 𝐵̂′, 𝐵̂′′〉)

𝑞𝐴2
′  𝑦𝑖 𝑏𝑢𝑙𝑎𝑙𝚤𝑚:

𝑞𝐴2
= 〈𝐴2

′ , 𝐴2〉 〈𝐴2
′ ,

‖𝐵̂‖

‖𝐵̂𝑥𝐵̂′‖
𝐵̂ −

〈𝐵̂,𝐵̂′〉

‖𝐵̂‖‖𝐵̂𝑥𝐵̂′‖
𝐵̂〉

‖𝐵̂‖2

‖𝐵̂𝑥𝐵̂′‖2
〈𝐵̂′′, 𝐵̂′〉 +

〈𝐵̂,𝐵̂′〉‖𝐵̂′‖
2

‖𝐵̂𝑥𝐵̂′‖2 −
‖𝐵̂‖4〈𝐵̂′,𝐵̂′′〉‖𝐵̂′‖

2

‖𝐵̂𝑥𝐵̂′‖4 +

 
‖𝐵̂‖2〈𝐵̂,𝐵̂′〉〈𝐵̂′,𝐵̂′′〉‖𝐵̂′‖

2

‖𝐵̂𝑥𝐵̂′‖4 − −
〈𝐵̂,𝐵̂′〉‖𝐵̂′‖

2

‖𝐵̂𝑥𝐵̂′‖2 +
〈𝐵̂,𝐵̂′〉2〈𝐵̂,𝐵̂′′〉‖𝐵̂‖2

‖𝐵̂𝑥𝐵̂′‖4 −
〈𝐵̂,𝐵̂′′〉〈𝐵̂,𝐵̂′〉3

‖𝐵̂𝑥𝐵̂′‖4 −

(‖𝐵̂′‖
2
+〈𝐵̂,𝐵̂′′〉)

‖𝐵̂𝑥𝐵̂′‖2
〈𝐵̂, 𝐵̂′〉 +   +

〈𝐵̂,𝐵̂′〉3

‖𝐵̂‖2‖𝐵̂𝑥𝐵̂′‖2 −
〈𝐵̂,𝐵̂′〉〈𝐵̂,𝐵̂′′〉

‖𝐵̂𝑥𝐵̂′‖2 −
〈𝐵̂,𝐵̂′〉3

‖𝐵̂‖2‖𝐵̂𝑥𝐵̂′‖2 +

‖𝐵̂‖2〈𝐵̂′,𝐵̂′′〉〈𝐵̂,𝐵̂′〉2

‖𝐵̂𝑥𝐵̂′‖4 −
〈𝐵̂,𝐵̂′〉3〈𝐵̂,𝐵̂′′〉

‖𝐵̂𝑥𝐵̂′‖4 + +
〈𝐵̂,𝐵̂′〉3

‖𝐵̂‖2‖𝐵̂𝑥𝐵̂′‖2 −
〈𝐵̂,𝐵̂′〉2〈𝐵̂,𝐵̂′′〉‖𝐵̂‖2

‖𝐵̂𝑥𝐵̂′‖4 +

〈𝐵̂,𝐵̂′′〉〈𝐵̂,𝐵̂′〉3

‖𝐵̂𝑥𝐵̂′‖4 +
(‖𝐵̂′‖

2
+〈𝐵̂,𝐵̂′′〉)

‖𝐵̂𝑥𝐵̂′‖2
〈𝐵̂, 𝐵̂′〉2 − −

〈𝐵̂,𝐵̂′〉3

‖𝐵̂‖2‖𝐵̂𝑥𝐵̂′‖2  

 − 
〈𝐵̂,𝐵̂′〉3〈𝐵̂,𝐵̂′′〉

‖𝐵̂𝑥𝐵̂′‖4 −
〈𝐵̂,𝐵̂′〉〈𝐵̂,𝐵̂′′〉

‖𝐵̂𝑥𝐵̂′‖2 +
‖𝐵̂‖2〈𝐵̂′,𝐵̂′′〉〈𝐵̂,𝐵̂′〉2

‖𝐵̂𝑥𝐵̂′‖4 +
‖𝐵̂‖2〈𝐵̂′,𝐵̂′′〉

‖𝐵̂𝑥𝐵̂′‖2

        −
‖𝐵̂‖4〈𝐵̂′,𝐵̂′′〉‖𝐵̂′‖

2

‖𝐵̂𝑥𝐵̂′‖4 +
‖𝐵̂‖2‖𝐵̂′‖

2
〈𝐵̂,𝐵̂′〉〈𝐵̂,𝐵̂′′〉

‖𝐵̂𝑥𝐵̂′‖4

〈𝐵̂,𝐵̂′′〉〈𝐵̂,𝐵̂′〉

‖𝐵̂𝑥𝐵̂′‖4
[
‖𝐵̂‖2‖𝐵̂′‖

2
−〈𝐵̂,𝐵̂′〉2

‖𝐵̂𝑥𝐵̂′‖2
] −

〈𝐵̂,𝐵̂′〉〈𝐵̂,𝐵̂′′〉

‖𝐵̂𝑥𝐵̂′‖2

           +
〈𝐵̂′,𝐵̂′′〉‖𝐵̂‖2

‖𝐵̂𝑥𝐵̂′‖4
[
〈𝐵̂,𝐵̂′〉2−‖𝐵̂‖2‖𝐵̂′‖

2

−‖𝐵̂𝑥𝐵̂′‖2
] +

〈𝐵̂′,𝐵̂′′〉‖𝐵̂‖2

‖𝐵̂𝑥𝐵̂′‖2 = 0

𝑞𝐴2
= 0 𝑑𝚤𝑟. 𝑟𝐴2

 𝑦𝑖 𝑏𝑢𝑙𝑎𝑙𝚤𝑚.

𝑟𝐴2
= 〈𝐴2

′ , 𝐴3〉 〈𝐴1
′ , 𝐴1𝑥𝐴2〉 

〈𝐴2
′ , [

𝐵̂

‖𝐵̂‖
× (

𝐵̂′

‖𝐵̂‖
−

〈𝐵̂,𝐵̂′〉𝐵̂

‖𝐵̂‖
3

‖
𝐵̂′

‖𝐵̂‖
−

〈𝐵̂,𝐵̂′〉𝐵̂

‖𝐵̂‖
3 ‖

)]〉
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= 〈𝐴2
′ ,

𝐵̂

‖𝐵̂‖
× (

‖𝐵̂‖2𝐵̂′−〈𝐵̂,𝐵̂′〉𝐵̂

‖‖𝐵̂‖2𝐵̂′−〈𝐵̂,𝐵̂′〉𝐵̂‖
)〉

= 〈𝐴2
′ ,

𝐵̂

‖𝐵̂‖
× (

‖𝐵̂‖2𝐵̂′−〈𝐵̂,𝐵̂′〉𝐵̂

‖𝐵̂‖‖𝐵̂×𝐵̂′‖
)〉

= 〈𝐴2
′ ,

𝐵̂×𝐵̂′

‖𝐵̂×𝐵̂′‖
〉

=
‖𝐵̂‖

‖𝐵̂×𝐵̂′‖2 𝑑𝑒𝑡[𝐵̂, 𝐵̂′, 𝐵̂′′]

𝑝𝐴3
, 𝑞𝐴3 𝑟𝐴3

𝐴3
′

𝐴3
′     =  𝐴1

′ × 𝐴2 + 𝐴1 × 𝐴2
′

= (
𝐵̂′

‖𝐵̂‖
−

〈𝐵̂,𝐵̂′〉

‖𝐵̂‖3 𝐵̂) × (
‖𝐵̂‖2𝐵̂′−〈𝐵̂,𝐵̂′〉𝐵̂

‖𝐵̂‖‖𝐵̂×𝐵̂′‖
) +

𝐵̂

‖𝐵̂‖
× 𝐴2

′

=
〈𝐵̂,𝐵̂′〉𝐵̂×𝐵̂′

‖𝐵̂‖2‖𝐵̂×𝐵̂′‖
−

〈𝐵̂,𝐵̂′〉

‖𝐵̂‖2‖𝐵̂×𝐵̂′‖
𝐵̂ × 𝐵̂′ +

𝐵̂×𝐵̂′′

‖𝐵̂×𝐵̂′‖
+

[
〈𝐵̂,𝐵̂′〉

‖𝐵̂‖2‖𝐵̂×𝐵̂′‖
−

‖𝐵̂‖2〈𝐵̂′,𝐵̂′′〉

‖𝐵̂×𝐵̂′‖3 +
〈𝐵̂,𝐵̂′〉〈𝐵̂,𝐵̂′′〉

‖𝐵̂×𝐵̂′‖3 −
〈𝐵̂,𝐵̂′〉

‖𝐵̂‖2‖𝐵̂×𝐵̂′‖
] 𝐵̂ × 𝐵̂′ 

=
〈𝐵̂×𝐵̂′,𝐵̂′×𝐵̂〉

‖𝐵̂×𝐵̂′‖3 𝐵̂ × 𝐵̂′ =
〈𝐵̂,𝐵̂′〉〈𝐵̂,𝐵̂′′〉−‖𝐵̂‖2〈𝐵̂,𝐵̂′′〉

‖𝐵̂×𝐵̂′‖3 𝐵̂ × 𝐵̂′

𝑝𝐴3=〈𝐴3
′ ,𝐴1〉

𝑞𝐴3=〈𝐴3
′ ,𝐴2〉

𝑟𝐴3=〈𝐴3
′ ,𝐴3〉

𝑝𝐴3 =
〈𝐵̂×𝐵̂∗,𝐵̂′×𝐵̂〉

‖𝐵‖‖𝐵̂×𝐵̂′‖3
〈𝐵̂ × 𝐵̂′, 𝐵̂〉 = 0

𝑝𝐴3
= 0

𝑞𝐴3
= 〈𝐴3

′ , 𝐴2〉

=
〈𝐵̂×𝐵̂′′,𝐵̂′×𝐵̂〉

‖𝐵̂×𝐵̂′‖3
〈𝐵̂ × 𝐵̂′, [

‖𝐵‖2𝐵̂′−〈𝐵̂,𝐵̂′〉𝐵̂

‖𝐵̂×𝐵̂′‖2‖𝐵̂‖
]〉

= 0

𝑟𝐴3
    = 〈𝐴3

′ , 𝐴3〉 = 〈𝐴3
′ , 𝐴1 × 𝐴1〉 

〈𝐵̂×𝐵̂′′,𝐵̂′×𝐵̂〉

‖𝐵̂×𝐵̂′‖3
〈𝐵̂ × 𝐵̂′,

𝐵̂

‖𝐵̂‖
×

‖𝐵̂‖2𝐵̂′−〈𝐵̂,𝐵̂′〉𝐵̂

‖𝐵̂‖‖𝐵̂×𝐵̂′‖
〉

 
〈𝐵̂×𝐵̂′′,𝐵̂′×𝐵̂〉

‖𝐵̂×𝐵̂′‖4
〈𝐵̂ × 𝐵̂′, 𝐵̂ × 𝐵̂′〉

 
〈𝐵̂×𝐵̂′′,𝐵̂′×𝐵̂〉

‖𝐵̂×𝐵̂′‖2
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[

𝐴1
′

𝐴2
′

𝐴3
′
] = [

𝑝𝐴1
𝑞𝐴1

𝑟𝐴1
𝑝𝐴2

𝑞𝐴2
𝑟𝐴2

𝑝𝐴3
𝑞𝐴3

𝑟𝐴3

] [

𝐴1

𝐴2

𝐴3

]

[

𝐴1

𝐴2

𝐴3

]

′

=

[
 
 
 
 
 0

‖𝐵̂×𝐵̂′‖

‖𝐵̂‖2 0

−‖𝐵̂×𝐵̂′‖

‖𝐵̂‖2 +
〈𝐵̂×𝐵̂′〉‖𝐵̂‖2

‖𝐵̂‖3
〈𝐵̂ − 𝐵̂′, 𝐵̂′′〉 0

‖𝐵̂‖ 𝑑𝑒𝑡[𝐵̂,𝐵̂′,𝐵̂′′]

‖𝐵̂×𝐵̂′‖2

0 0
〈𝐵̂×𝐵̂′′,𝐵̂′×𝐵̂〉

‖𝐵̂×𝐵̂′‖2 ]
 
 
 
 
 

[

𝐴1

𝐴2

𝐴3

]
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Giriş 

𝑒−𝜙(𝜉)
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Conformable Kesirli Türev Yaklaşımı 

 𝑓: [0,∞) → ℝ 𝑡 > 0 𝑝 ∈ (0,1) 𝑝

𝑓

𝑇𝑝(𝑓)(𝑡) = lim
𝜀→0

𝑓(𝑡+𝜀𝑡1−𝑝)−𝑓(𝑡)

𝜀

𝑎 > 0 (0, 𝑎) 𝑓(𝑡)

𝑝 lim
𝑡→0+

𝑓(𝑝) (𝑡)

𝑓(𝑝)(0) = lim
𝑡→0+

𝑓(𝑝)(𝑡)

 𝑝 ∈ (0, 1] 𝑓, 𝑔 𝑡 > 0 𝑝

 𝑎, 𝑏 ∈ ℝ 𝑇𝑝(𝑎𝑓(𝑡) + 𝑏𝑔(𝑡)) = 𝑎𝑇𝑝(𝑓(𝑡)) + 𝑏𝑇𝑝(𝑔(𝑡)),

 𝑞 ∈ ℝ 𝑇𝑝(𝑡
𝑞) = 𝑞𝑡𝑞−𝑝

 𝑓(𝑡) = 𝑑 𝑇𝑝(𝑑) = 0

 𝑇𝑝(𝑓(𝑡)𝑔(𝑡)) = 𝑓(𝑡)𝑇𝑝(𝑔(𝑡)) + 𝑔(𝑡)𝑇𝑝(𝑓(𝑡))

 𝑇𝑝 (
𝑓(𝑡)

𝑔(𝑡)
) =

𝑔(𝑡)𝑇𝑝(𝑓(𝑡))−𝑓(𝑡)𝑇𝑝(𝑔(𝑡))

[𝑔(𝑡)]2
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    𝑇𝑝(𝑓(𝑡)) = 𝑡
1−𝑝 𝑑𝑓(𝑡)

𝑑𝑡

𝒆−𝝓(𝝃) Analitik Yöntemi 

         𝑒−𝜙(𝜉)

𝑒−𝜙(𝜉)

𝑡

𝑄 (
𝜕𝑝𝑢

𝜕𝑡𝑝
,
𝜕𝑢

𝜕𝑥
,
𝜕2𝑢

𝜕𝑥2
,
𝜕3𝑢

𝜕𝑥3
, … ) = 0                                                        (1)

𝑄 𝑝 ∈ (0,1)

𝜕𝑝𝑢

𝜕𝑡𝑝
  𝑢(𝑥, 𝑡) 𝑡

𝑝 −

(1)
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𝑢(𝑥, 𝑡) = 𝑈(𝜉)

𝑤

𝜉 = 𝑥 + 𝑤
𝑡𝑝

𝑝

(1)

𝐺(𝑈, 𝑈𝜉  , 𝑈𝜉𝜉 , 𝑈𝜉𝜉𝜉 , … ) = 0                                                                             (2)

(2)

𝑈(𝜉) = 𝑎0 +∑𝑎𝑖(𝑒
−𝜙(𝜉))

𝑛
                                                                         (3)

𝑛

𝑖=1

𝑖 = 0,1, … , 𝑛 𝑎𝑖

𝜙(𝜉)

𝜙′(𝜉) = 𝑒−𝜙(𝜉) + 𝜇𝑒𝜙(𝜉) + 𝜆                                                                         (4)

0 042 − 






















−














+

−
−−

=








2

)(
2

4
tanh4

ln)(

2

2

1

C
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0 042 − 






















−














+

−
−

=








2

)(
2

4
tan4

ln)(

2

2

2

C

0= 0 042 − 

𝜙3(𝜉) = − ln (
𝜆

𝑒𝜆(𝜉+𝐶) − 1
),                                                                      (7)

0 0 042 =− 










+

++
−=

)(

)2)((2
ln)(

24
C

C




                                                               (8)

0= 0= 042 =− 

)ln()(5 C+=  (9)

(3) 𝑛

(3)

𝑠 = 0,1,2, …



Conformable Boussinesq-Double Sinh-Gordon Denkleminin Analitik Çözümleri 

 

 
51 

𝒪 (
𝑑𝑠𝑈

𝑑𝜉𝑠
) = 𝑛 + 𝑠,                                

  𝑠 = 0,1,2, … 𝑞 =

0,1,2, …

𝒪 (𝑈𝑞
𝑑𝑠𝑈

𝑑𝜉𝑠
) = (𝑞 + 1)𝑛 + 𝑠                                                 

𝑛

𝑛 (3)

 (2)

𝑈(𝜉)

(3) (4)

(2)

𝑒−𝜙(𝜉)

𝑒−𝜙(𝜉)

𝜆, 𝜇, 𝑤, 𝑎𝑖

(1)
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Conformable Boussinesq-Double Sinh-Gordon Denkleminin 

Analitik Çözümleri 

𝜕2𝑝𝑢

𝜕𝑡2𝑝
− 𝛼

𝜕2𝑢

𝜕𝑥2
+
𝜕4𝑢

𝜕𝑥4
= sinh(𝑢)+

3

2
sinh(2𝑢)                                      (10)

𝑝 ∈ (0,1)
𝜕2𝑝𝑢

𝜕𝑡2𝑝
𝑢(𝑥, 𝑡)

𝑡 2𝑝 −

𝜉 = 𝑥 + 𝑤
𝑡𝑝

𝑝
                                                                                                    (11)

(𝑤2 − 𝛼)𝑢′′ + 𝑢(𝑖𝑣) = sinh(𝑢)  +
3

2
sinh(2𝑢)                                        (12)

𝑣 = 𝑒𝑢                                                                                                               (13)
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sinh(𝑢) =
𝑣 − 𝑣−1

2
                                                                                   (14)  

−3𝑣2 − 2𝑣3 + 2𝑣5 + 3𝑣6 + (4𝑤2 − 4𝛼)𝑣2𝑣′
2
+ 24𝑣′

4
− 4𝑤2𝑣3𝑣′′ +

4𝛼𝑣3𝑣′′ − 48𝑘4𝑣𝑣′
2
𝑣′′ + 12𝑣2𝑣′′

2
+ 16𝑣2𝑣′𝑣′′′ − 4𝑣3𝑣(𝑖𝑣) =

0                                                                                                                        (15) 

𝑢(𝑥, 𝑡) 𝑣(𝑥, 𝑡)

𝑢 = ln 𝑣                                                                                                            (16)

𝑣3𝑣(𝑖𝑣) 𝑣6

3𝑛 + 𝑛 + 4 = 6𝑛

𝑛 = 2

𝑣(𝜉) = 𝑎0 + 𝑎1𝑒
−𝜙(𝜉) + 𝑎2(𝑒

−𝜙(𝜉))
2
                                                     (17)  

(13)

(15) 𝑣(𝜉)
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𝑣′(𝜉) = −2𝑎2𝑒
−3𝜙(𝜉) + 𝑒−2𝜙(𝜉)(−𝑎1 − 2𝑎2𝜆) − 𝑎1𝜇 + 𝑒

−𝜙(𝜉)(−𝑎1𝜆

− 2𝑎2𝜇)

𝑣′′(𝜉) = 6𝑎2𝑒
−4𝜙(𝜉) + 𝑒−3𝜙(𝜉)(2𝑎1 + 10𝑎2𝜆) + 𝑎1𝜆𝜇 + 2𝑎2𝜇

2

+ 𝑒−2𝜙(𝜉)(3𝑎1𝜆 + 4𝑎2𝜆
2 + 8𝑎2𝜇) + 𝑒

−𝜙(𝜉)(𝑎1𝜆
2

+ 2𝑎1𝜇 + 6𝑎2𝜆𝜇)

𝑣′′′(𝜉) = −24𝑎2𝑒
−5𝜙(𝜉) + 𝑒−4𝜙(𝜉)(−6𝑎1 − 54𝑎2𝜆) − 𝑎1𝜆

2𝜇 − 2𝑎1𝜇
2

− 6𝑎2𝜆𝜇
2 + 𝑒−3𝜙(𝜉)(−12𝑎1𝜆 − 38𝑎2𝜆

2 − 40𝑎2𝜇)

+ 𝑒−2𝜙(𝜉)(−7𝑎1𝜆
2 − 8𝑎2𝜆

3 − 8𝑎1𝜇 − 52𝑎2𝜆𝜇)

+ 𝑒−𝜙(𝜉)(−𝑎1𝜆
3 − 8𝑎1𝜆𝜇 − 14𝑎2𝜆

2𝜇 − 16𝑎2𝜇
2)

𝑣(𝑖𝑣)(𝜉) = 120𝑎2𝑒
−6𝜙(𝜉) + 𝑒−5𝜙(𝜉)(24𝑎1 + 336𝑎2𝜆) + 𝑎1𝜆

3𝜇

+ 8𝑎1𝜆𝜇
2 + 14𝑎2𝜆

2𝜇2 + 16𝑎2𝜇
3 + 𝑒−4𝜙(𝜉)(60𝑎1𝜆

+ 330𝑎2𝜆
2 + 240𝑎2𝜇) + 𝑒

−3𝜙(𝜉)(50𝑎1𝜆
2 + 130𝑎2𝜆

3

+ 40𝑎1𝜇 + 440𝑎2𝜆𝜇) + 𝑒
−2𝜙(𝜉)(15𝑎1𝜆

3 + 16𝑎2𝜆
4

+ 60𝑎1𝜆𝜇 + 232𝑎2𝜆
2𝜇 + 136𝑎2𝜇

2) + 𝑒−𝜙(𝜉)(𝑎1𝜆
4

+ 22𝑎1𝜆
2𝜇 + 30𝑎2𝜆

3𝜇 + 16𝑎1𝜇
2 + 120𝑎2𝜆𝜇

2)

(17)  (15) 

𝑒−𝜙(𝜉)

𝑎2 = 4, 𝛼 = 𝑤
2 − 3, 𝑎1 = −4√𝑎0, 𝜆 = −√𝑎0, 𝜇 =

𝑎0 − 1

4
             (18)
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𝑎2 = 4, 𝛼 = 𝑤
2 + 1, 𝑎1 = −4√𝑎0, 𝜆 = −√𝑎0, 𝜇 =

𝑎0 + 1

4
                 (19)

𝑎2 = 4, 𝛼 = 𝑤
2 − 3, 𝑎1 = 4√𝑎0, 𝜆 = √𝑎0, 𝜇 =

𝑎0 − 1

4
                        (20)

𝑎2 = 4, 𝛼 = 𝑤
2 + 1, 𝑎1 = 4√𝑎0, 𝜆 = √𝑎0, 𝜇 =

𝑎0 + 1

4
                        (21)

𝑣(𝑥, 𝑡)

𝑣1(𝑥, 𝑡) = 𝑎0 +
(𝑎0 − 1)

2

(√𝑎0 − tanh (
1
2
(𝑥 + 𝑤

𝑡𝑝

𝑝
)))

2

−
2√𝑎0(𝑎0 − 1)

√𝑎0 − tanh (
1
2
(𝑥 + 𝑤

𝑡𝑝

𝑝
))

,

𝑣2(𝑥, 𝑡) = 1 +
4

(−1 + 𝑒
−(𝑥+𝑤

𝑡𝑝

𝑝
)
)

2 +
4

−1 + 𝑒
−(𝑥+𝑤

𝑡𝑝

𝑝
)
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𝑢1(𝑥, 𝑡) = ln

(

 
 
 
𝑎0 +

(𝑎0 − 1)
2

(√𝑎0 − tanh (
1
2
(𝑥 + 𝑤

𝑡𝑝

𝑝
)))

2

−
2√𝑎0(𝑎0 − 1)

√𝑎0 − tanh (
1
2
(𝑥 + 𝑤

𝑡𝑝

𝑝
))

)

 
 
 
,

𝑢2(𝑥, 𝑡) = ln

(

 
 
1 +

4

(−1 + 𝑒
−(𝑥+𝑤

𝑡𝑝

𝑝
)
)

2 +
4

−1 + 𝑒
−(𝑥+𝑤

𝑡𝑝

𝑝
)

)

 
 

𝑣(𝑥, 𝑡)

𝑣3(𝑥, 𝑡) = 1 +
4

(1 + tan (
1
2
(𝑥 + 𝑤

𝑡𝑝

𝑝
)))

2 −
4

1 + tan (
1
2
(𝑥 + 𝑤

𝑡𝑝

𝑝
))
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𝑢3(𝑥, 𝑡) = ln

(

 
 
 
1 +

4

(1 + tan (
1
2
(𝑥 + 𝑤

𝑡𝑝

𝑝
)))

2

−
4

1 + tan (
1
2
(𝑥 + 𝑤

𝑡𝑝

𝑝
))

)

 
 
 

𝑣(𝑥, 𝑡)

𝑣4(𝑥, 𝑡) = 𝑎0 +
(𝑎0 − 1)

2

(−√𝑎0 − tanh (
1
2
(𝑥 + 𝑤

𝑡𝑝

𝑝
)))

2

+
2√𝑎0(𝑎0 − 1)

−√𝑎0 − tanh (
1
2
(𝑥 + 𝑤

𝑡𝑝

𝑝
))

,
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𝑣5(𝑥, 𝑡) = 1 +
4

(−1 + 𝑒
(𝑥+𝑤

𝑡𝑝

𝑝
)
)

2 +
4

−1 + 𝑒
(𝑥+𝑤

𝑡𝑝

𝑝
)

𝑢4(𝑥, 𝑡) = ln

(

 
 
 
𝑎0 +

(𝑎0 − 1)
2

(−√𝑎0 − tanh (
1
2
(𝑥 + 𝑤

𝑡𝑝

𝑝
)))

2

+
2√𝑎0(𝑎0 − 1)

−√𝑎0 − tanh (
1
2
(𝑥 + 𝑤

𝑡𝑝

𝑝
))

)

 
 
 

𝑢5(𝑥, 𝑡) = ln

(

 
 
1 +

4

(−1 + 𝑒
(𝑥+𝑤

𝑡𝑝

𝑝
)
)

2 +
4

−1 + 𝑒
(𝑥+𝑤

𝑡𝑝

𝑝
)

)

 
 

𝑣(𝑥, 𝑡)
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𝑣6(𝑥, 𝑡) = 𝑎0 +
(𝑎0 + 1)

2

(−√𝑎0 + tanh (
1
2
(𝑥 + 𝑤

𝑡𝑝

𝑝
)))

2

+
2√𝑎0(𝑎0 + 1)

−√𝑎0 + tanh (
1
2
(𝑥 + 𝑤

𝑡𝑝

𝑝
))

𝑢6(𝑥, 𝑡) = ln

(

 
 
 
𝑎0 +

(𝑎0 + 1)
2

(−√𝑎0 + tanh (
1
2
(𝑥 + 𝑤

𝑡𝑝

𝑝
)))

2

+
2√𝑎0(𝑎0 + 1)

−√𝑎0 + tanh (
1
2
(𝑥 + 𝑤

𝑡𝑝

𝑝
))

)
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BÖLÜM 5

3 BOYUTLU MINKOWSKI UZAYINDA 
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1 Kocaeli Üniversitesi Fen-Edebiyat Fakültesi Matematik Bölümü, Kocaeli, 
Türkiye
2 Kocaeli Üniversitesi Gölcük Meslek Yüksekokulu, Gölcük-Kocaeli, Türkiye
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g:M ⟶

IEm+d h: Sn ⟶ IEn+1

Φ(s, t) = (g1(s), g2(s), … , gm+d−1(s), gm+d(s), h(t))

Sn

t ∈ Sn

m = n = 1 ve d = 1,2

m = n = 1 ve d = 1 ( ) ( ))s(g),s(gsC 211 =

( ) ( ))t(h),t(htC 212 =

C1(s) ⊗ C2(t) = (g1(s), g2(s)h1(t), g2(s)h2(t))                              

( ) ( )tsin,tcostC2 =
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3

1IE

332211L
QPQPQPQ,P −+=

( )321 P,P,PP =

( ) 3

1321 IEQ,Q,QQ =

( )  2

L

3

1

22

o cP,P:IEPcH −==−
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( )  2

L

3

1

22

1 cP,P:IEPcS ==

( )22

0 cH −

( )22

1 cS

P
3

1IE )0P(0P,P
L

=

0P,P
L
 0P,P

L


‖P‖L = √|⟨P,  P⟩L|

0Q,P
L
=

( )sC

n

1IE

1)s(C),s(C
L

=

 0P,P,IEPLC
L

n

1 ==

 

S:Φ(s, t)

s t
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e = ⟨Φs, Φs⟩L

f = ⟨Φs, Φt⟩L                                                                                                     

g = ⟨Φt, Φt⟩L

gij = [
e f
f g

]

22 dtgdtdsf2edsI ++=

η(s, t),W =

〈Φs⋀LΦt, Φs⋀LΦt〉L

η

=
Φs⋀LΦt

√|W|
                                                                                                                  (5)

ℓ = ⟨Φss, η⟩L,

,,n
Lst =

m = ⟨Φss, N⟩L,

2

2

feg

mn
K

−

−
−=

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2feg2

gfm2en
H

−

+−
=



3

1IE

C1, C2: I ⊆ ℝ → IE1
2 C1(𝑠) = (g1(s), g2(s)) C2(t) = (h1(t), h2(t))

C1 C2

         Φ = C1⊗C2: IE
2 → IE1

3

Φ(s, t) = (g1(s), g2(s)h1(t), g2(s)h2(t))

C1 ve  C2 eğrileri birim hızlı olduklarından   g1
′ 2(s) −

g2
′ 2(s) = 1 ve

h1
′ 2(t) − h2

′ 2(t) = 1 dir.  C2(t) = (sinh (t) , cosh (t))

Φ(s, t)

Φ(s, t) = (g1(s), g2(s) sinh (t) , g2(s) cosh (t))

Φ(s, t)

S 

Φ𝑠 Φ𝑡

Φs(s, t) = (g1
′ (s), g2

′ (s)h1(t), g2
′ (s)h2(t))

Φt(s, t) = (0, g2(s)h1
′ (t), g2(s)h2

′ (t)).
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g1
′ (s) g2

′ (s) g1(s) g2(s)

h1
′ (t) h2

′ (t) h1(t) h2(t)

e = g1
′ 2(s) + g2

′ 2(s) (h1
2(t) − h2

2(t))

f = g2(s)g2
′ (s)(h1(t)h1

′ (t) − h2(t)h2
′ (t))

g = g2
2(s)

Φs⋀LΦt

Φs⋀LΦt = |

i j −k

g1
′ g2

′ h1 g2
′ h2

0 g2h1
′ g2h2

′
| = (g2g2

′ (h1h2
′ − h1

′ h2), −g1
′ g2h2

′ , −g1
′ g2h1

′ )

W = g2
2(g2

′ 2(h1h2
′ − h1

′ h2)
2 − g1

′ 2)

η

=
1

√|W|
(g2g2

′ (h1h2
′

− h1
′ h2), −g1

′ g2h2
′ , −g1

′ g2h1
′ )                                                                            (11)

Φ(s, t)

Φss(s, t) = (g1
′′(s), g2

′′(s)h1(t), g2
′′(s)h2(t))

Φst(s, t)

= (0, g2
′ (s)h1

′ (t), g2
′ (s)h2

′ (t))                                                                          (12)

Φtt(s, t) = (0, g2(s)h1
′′(t), g2(s)h2

′′(t))
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Φ(s, t)

λ(s) = g1
′′(s)g2

′ (s) − g1
′ (s)g2

′′(s)

Γ(t)
= h1(t)h2

′ (t)
− h1

′ (t)h2(t)                                                                                                                   (13)

μ(t) = h1
′ (t)h2

′′(t) − h1
′′(t)h2

′ (t)

ℓ =
1

√|W|
g2(𝑠)𝜆(𝑠)Γ(t),

m = 0;

n =
1

√|W|
g1
′ (s)g2

2(s)μ(t)

Φ(s, t)

K

=
1

W2
{g1
′ g2

3λ(s)Γ(t)μ(t)},                                                                                (15)

ve

H

=
g2

2

2√|W|
{g1
′ (g1

′ 2(s) + g2
′ 2(s)) μ(t)

+ g2λ(s)Γ(t)}                                                                           (16)
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Φ(s, t)

eg − f2

eg − f2 = g2
2(g1

′ 2−g2
′ 2(h1h2

′ − h1
′ h2)

2) = −W

Φ(s, t)

C1 ve  C2

 K = 0 g1
′ g2

3λ(s)Γ(t)μ(t) = 0

λ(s) = 0, Γ(t) = 0, veya μ(t) = 0

λ(s) = 0

g1
′′(s)g2

′ (s) − g1
′ (s)g2

′′(s) = 0

g1
′′(s)

g1
′ (s)

=
g2
′′(s)

g2
′ (s)

                                                                                       (18)

g1(s) = sg2(s) + c

C1 Γ(t) =

0  ve μ(t) = 0  C2

Φ(s, t)

 C1 ve  C2
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 C2

H = 0 g1
′ (g1

′ 2(s) + g2
′ 2(s)) μ(t) +

g2λ(s)Γ(t) = 0 μ(t) = 0 λ(s) = 0 μ(t) = 0 Γ(t) = 0

μ(t) = 0  C2
μ(t) = 0

λ(s) = 0 C1 ve  C2
Γ(t) = 0 

h1(t)h2
′ (t) − h1

′ (t)h2(t) = 0

h1
′ (t)

h1(t)
=
h2
′ (t)

h2(t)
                                                                                      (19)

h1(t) = h2(t)c C2

3

1IE

C2

3

1IE
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Δ

= −
1

√|det gij|

∑
∂

∂xi
(√|det gij|g

ij
∂

∂xj
)

i,j

                                                       (20)

gij gij

3

1IE

η Δη = f(η + C)

f

η

η

f Δη = 0 η

Φ(s, t)

gij = [
g1
′ 2 + g2

′ 2(h1
2 − h2

2) g2g2
′ (h1h1

′ − h2h2
′ )

g2g2
′ (h1h1

′ − h2h2
′ ) g2

2
]

det gij =

g2
2(g1

′ 2−g2
′ 2(h1h2

′ − h1
′ h2)

2) C2
h1(t)h2

′ (t) −

h1
′ (t)h2(t) = 0 √|det gij| = |g2g1

′ |

gij

=
1

g1
′ 2

[
 
 
 
 1 −

g2
′

g2
(h1h1

′ − h2h2
′ )

−
g2
′

g2
(h1h1

′ − h2h2
′ ) g1

′ 2 + g2
′ 2(h1

2 − h2
2)
]
 
 
 
 

                                (22)
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Δ = −
1

|g2g1
′ |

{
 
 
 
 

 
 
 
 

∂

∂s
(
|g2|

|g1
′ |

∂

∂s
)

+
∂

∂s
(±

g2
′

|g1
′ |
(h1h1

′ − h2h2
′ )
∂

∂t
)

+
∂

∂t
(±

g2
′

|g1
′ |
(h1h1

′ − h2h2
′ )
∂

∂s
)

+
∂

∂t
(
g1
′ 2 + g2

′ 2(h1
2 − h2

2)

|g1
′ g2|

∂

∂t
)

                          (23)

±
g2
′ g1
′ − g2g1

′′

g1
′ 2

∂

∂s
+
|g2|

|g1
′ |

∂2

∂s2

±
g2
′′|g1

′ | − g2
′ (±g1

′′)

g1
′ 2

(h1h1
′ − h2h2

′ )
∂

∂t
±
g2
′

|g1
′ |
(h1h1

′ − h2h2
′ )

∂2

∂s ∂t

±
g2
′

|g1
′ |
(1 + h1h1

′′ − h2h2
′′)
∂

∂s
±
g2
′

|g1
′ |
(h1h1

′ − h2h2
′ )

∂2

∂s ∂t

±
g2
′ 2(2h1h1

′ − 2h2h2
′ )

|g1
′ g2|

∂

∂t
+
g1
′ 2 + g2

′ 2(h1
2 − h2

2)

|g1
′ g2|

∂2

∂t2

W = −g2
2g1
′ 2

η =
1

√|W|
(0, −g1

′ g2h2
′ , −g1

′ g2h1
′ )
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η = ±(0,−h2
′ , −h1

′ )

Δη

Δη

= ±
1

g2
2g1
′ 2
{

2g2
′2(h1h1

′ − h2h2
′ )(0, h2

′′, h1
′′)

+g1
′ 2 + g2

′2(h1
2 − h2

2)(0, h2
′′′, h1

′′′)
  .                                         (26)

Φ(s, t)

C2

2g2
′2h2h2

′ h2
′′(𝑐2 − 1) + (1 + 𝑐2g2

′2h2
2) h2

′′′ = 0                                      (27)

Φ(s, t)

C2

2g2
′2(h1h1

′ − h2h2
′ )h2

′′ + (g1
′ 2 + g2

′2(h1
2 − h2

2)) h2
′′′ = 0                (28)

2g2
′2(h1h1

′ − h2h2
′ )h1

′′ + (g1
′ 2 + g2

′2(h1
2 − h2

2)) h1
′′′ = 0              (29)

C2
h1(t) = h2(t)c  

h1(t) = h2(t)c
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2g2
′2(h2h2

′ (𝑐2 − 1))h2
′′ + (g1

′ 2 + g2
′2(𝑐2 − 1)h2

2)h2
′′′ = 0               (30)

C1 g1
′ 2(s) − g2

′ 2(s) = 1

g1
′ 2(s) = 1 + g2

′ 2(s)

Φ(s, t)

C2
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4IE

3IE

4IE

4

1IE
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3G

3Heiss
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